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Abstract. Process mining, when applied to data stored in the informa-
tion systems of businesses, provides insights into the internal performance
of their processes. These insights reveal how the behaviour of processes
impacts businesses, and can inform planning for various future scenarios
by anticipating how processes will perform in these scenarios. However,
these scenarios may be influenced by the context of the process, i.e.,
external data streams (exogenous data) to the process. In these cases,
typical process discovery techniques can produce process models that
describe what activities could occur next in a given state, but cannot
express the effect of external influences on how likely these are to occur.
Our contribution presents an extension of stochastic labelled Petri nets
and a discovery technique for our new modelling formalism. The pro-
posed formalism can be used to quantify whether the firing likelihood
of a transition is influenced by exogenous data when replaying histori-
cal process executions over the net. We compare our approach against
existing stochastic techniques over several publicly available event logs.
Our results show that our approach can outperform existing data-aware
techniques in unstructured processes.

Keywords: Process Mining · Process Enhancement · Stochastic Process
Mining · Exogenous Data.

1 Introduction

In the field of business process management [8], studying how processes change at
runtime [24,10,5,26,29] is important. Studying the dynamics of how processes ex-
ecute across a collection of varying scenarios enables businesses to plan for future
events based on their likely occurrence. Process mining [28] enables businesses
to derive the diagnostic information needed to empower such planning by con-
sidering historical data about processes. Process discovery techniques [14,17,13]
can generate process models that describe when activities occur in a process
and how processes are structured [28]. Conformance checking techniques [18,23]
can quantify deviations between historical data and a process model to highlight
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anomalies at runtime [1,6]. However, to understand the likelihood of an activity
at runtime, the mining of stochastic processes is required [9].

Stochastic process mining provides a window into understanding process-
level decisions by describing which activities could occur next, and how likely
these activities are to occur [9]. Various mechanisms for determining next ac-
tivity likelihood exist [25,27,5,19,20,4,16,23], with recent extensions considering
the dependencies within the history of a trace [16] or case/event attributes [23].
Quantifying the likelihood of an activity may require considering many different
dependencies, both internal and external, to the process. Addressing this chal-
lenge within stochastic process mining [9,4,16,23] is ongoing. Our contribution
is a novel approach for determining whether historical process executions were
influenced by external data sources, referred to as exogenous data [2].

We investigate how stochastic labelled Petri nets [15] (SLPN) could be used to
understand if the behaviour of processes has been influenced by exogenous data.
SLPNs are themselves extensions of Petri nets, where transitions are extended
with a weight function to represent their chance of firing. Various approaches to
deriving these weight functions have been used to investigate several aspects of
processes [4,16,23], but all have overlooked exogenous factors.

Behaviour in processes may be informed by internal dependencies, or by ex-
ogenous influences, i.e. where processes are influenced by their context [29]. Agri-
culture supply chains can be influenced by climate variability [30,11] and patient
care in hospitals frequently involves the continuous observation of the patient’s
vital signs [2]. Notably, for these cases, existing discovery techniques [4,16,23]
cannot capture exogenous influences on the firing likelihoods. In particular, ex-
isting techniques overlook temporal factors in exogenous data, where, between
discrete actions, new data becomes available, or no data is available.

This paper shares a common aim with recent work [23] focusing on including
endogenous data in the firing likelihoods of activities. However, our work focuses
on including exogenous data to cater for contextual factors that may influence the
behaviour of processes, rather than solely relying on endogenous data. To do so,
we consider behaviour in time series data and introduce a temporal component to
analysis. Our approach avoids reducing time series data to a static value through
the application of a lossy aggregation [2], and considers the condition of having
no exogenous data on firing likelihoods. Therefore, this paper investigates:

Problem. How can exogenous influences on the stochastic behaviour of pro-
cesses be derived and analysed?

Our answer to this problem is a stochastic discovery technique which dis-
covers weight functions for transitions in labelled Petri nets. The discovery is
presented as an optimisation problem, whereby equalities are derived using di-
agnostic information, and are solved to form weight functions. The discovered
weight functions can be used to investigate exogenous influences on processes.

The paper is organised as follows. Section 2 illustrates existing approaches;
Section 3 denotes the notation used; Section 4 presents our stochastic modelling
formalism; Section 5 defines our discovery method for such a formalism; Sec-
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Table 1: An extract from the road fines log [7].
trace event event attributes or endogenous data

process activity amount dismissal pay amount timestamp

N74775 1 create fine 35.0 NIL 28.05.2005@00: 00
2 send fine 21.09.2005@00: 00
3 insert fine notification 01.10.2005@00: 00
4 add penalty 71.5 30.11.2005@00: 00
5 insert date appeal to prefecture 30.11.2005@00: 00
6 send appeal to prefecture # 09.01.2006@00: 00
7 receive result appeal from prefecture 17.02.2006@00: 00
8 notify result appeal to offender 31.03.2006@00: 00

A8690 9 create fine 36.0 NIL 08.02.2007@00: 00
10 payment 36.0 21.02.2007@00: 00

A21188 11 create fine 22.0 NIL 14.07.2008@00: 00
12 send fine 10.12.2008@00: 00
13 insert fine notification 18.12.2008@00: 00
14 add penalty 44.0 16.02.2009@00: 00
15 send for credit collection 15.10.2010@00: 00

...
...

...
...

...
...

...

Alignment for trace ‘N74775’ : ⟨( e1t1 ), (
e2
t2 ), (

e3
t5 ), (

e4
t10 ), (

e5
t8 ), (

e6
t13 ), (

e7
t16 ), (

e8
t18 ), (

≫
t11 )⟩.

Alignment for trace ‘A21188’ : ⟨( e11t1 ), (
e12
t2 ), (

e13
t5 ), (

e14
t10 ), (

e15
t12 )⟩.

Fig. 1: The normative model capturing the decision points (in green) and credit
collection is highlighted. Alignments are captured through dashed directed lines.

tion 6 denotes how we quantify our discovered formalism; Section 7 evaluates
our contributions; and Section 8 summarises our work.

2 Motivating Example

To motivate stochastic process mining and highlight existing techniques [4,23,16],
a running example is introduced. The example uses a snippet of the road fines
log [7], which captures the payment and appeal process for fines issued by a
police force in Italy (Table 1), and a normative control-flow model [22, Sec.
12.1.3]. Also introduced are optimal alignments [1] for the snippet (Fig. 1). These
are important to consider as our approach derives diagnostic information from
alignments to inform the firing likelihoods for transitions. This example explores
the probability of ‘Sent to Credit Collection’ (abbreviated to credit collection)
occurring. Where the answer for the trace ‘A8690’ is straightforwardly 0%, as
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the transition for credit collection was never enabled. However, the question is
more challenging for the other traces in Table 1.

In stochastic process mining, transitions have weights and the likelihood of
a transition firing is a ratio of its weight over the total weight of all enabled
transitions. One approach to assigning weights to transitions is to consider the
frequency of the fired transitions [4] and estimate a numerical value for a base
weight, resulting in Fig. 2a. Where for the trace ‘N74775’, the discovered net
induces a likelihood for credit collection of 31.87% for all three times that it
is enabled. The downside of only using base weights is that the likelihood of a
transition cannot account for context surrounding the execution.

To contextualise likelihoods for a running execution, base weights can be
expanded to parameterised weight functions. For example, many parameters
on each transition can be introduced allowing for the history of actions in an
execution to influence the firing likelihood of the next transition [16] (known as
a SLPN-SD). Similarly, parameters can be introduced to account for the value
of data attributes as of the last event in an execution [23] (known as a SLDPN).
However, these approaches treat executions as discrete changes, and as time
passes between actions, the firing likelihoods remain the same.

When we consider trace ‘N74775’ and the discovered parameterised nets in
Fig. 2b and Fig. 2c, then credit collection had firing likelihoods of 20%, 17.3%,
and 17.3% or 8.7%, 10.5%, and roughly 0.01% for the respective models. Showing
that the dismissal of the fine can be catered for using Fig. 2c. But, if we consider
trace ‘A21188’ where credit collection did occur, where the likelihoods are 8.1%
and 9.2% for Fig. 2c, then the batching nature (seen in Fig. 4) of this action is not
captured within parameters, as they only capture discrete changes. Moreover,
temporal changes in exogenous data are not supported unless we reduce temporal
series into static attributes for events, requiring domain knowledge.

This example shows existing techniques [4,16,23] can cater for endogenous
factors that may influence the probability of a transition firing. However, with-
out a transition firing, these techniques are unable to adjust the probability of
transitions or account for temporal considerations in exogenous data. Thus, we
explore how to consider exogenous influences on the firing likelihood of transi-
tions, and the challenges of including exogenous data for stochastic Petri nets.

3 Preliminaries

This section introduces the notation used for event logs, exogenous data, process
models and alignments.

Sets. Curly brackets denote sets, e.g. Σ = {a, b, c}. To denote the number of
members in a set Σ, |Σ| is written. Given some set, say Σ, a multiset M : Σ 7→
N0 maps the elements of Σ to the natural numbers. Square brackets denote
multisets, e.g. [ a2, b1 ] s.t. a, b ∈ Σ and all other elements of Σ are mapped to
zero. To denote the infinite set of all multisets over a given set Σ, M(Σ) is used.
We write m ∈M to access all members of a multiset with non-zero frequencies,
i.e. {m ∈ Σ | M(m) > 0}. To state relations between a set S and a multiset
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(a) Discovered stochastic labelled Petri net [4, Section 3.6] and only uses base weights.

(b) Discovered SLPN-SD [16, Definition 1].

(c) Discovered SLDPN [23] using event attributes in Table 1.

Fig. 2: Existing stochastic techniques applied to the running example. Weights
and parameters are denoted below the transition label.
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uf = ⟨101−01−2000, . . . , 3118814−02−2009, 3122215−02−2009, . . . , 4488418−06−2013⟩

(a) Number of unpaid fines (unpaid fines).

af = ⟨6201−01−2000, . . . , 2.007e614−02−2009, 2.008e615−02−2009, . . . , 2.311e618−06−2013⟩

(b) Total amount of unpaid fines (amount unpaid).

Fig. 3: Exo–series describing inter-case variables for the road fines log.

M , S ⊆ M denotes that S is a subset of M if and only if : ∀s∈S M(s) > 0. To
denote the cardinality of a multiset M , ||M || =

∑
m∈M M(m) is written.

Sequences. Angled brackets denote sequences, e.g. ⟨a, b, c⟩. To concatenate
two sequences s, s′, s : s′ is written. The length of a sequence s is denoted as
|s|, and if |s| = 0 then s is empty. To access an element of a sequence s, si is
used to access the i-th element of the sequence s.t. 1 ≤ i ≤ |s|. To denote a set
of possible sequences over a set Σ, Σ∗ is used to denote all possible sequences,
while Σ+ is used to denote all possible non-empty sequences.

Events. An event describes the execution of a process step (activity). Each
event consists of the activity and a timestamp of the step [28]. The time of event
is accessed through the accessor time. A non-empty sequence of events is a trace
and describes an execution of a process.

Universes. Uev,Utime denote the sets of identifiers for events, and times-
tamps. Uatt,Uval denote the sets of attributes and all possible values that these
can take on. Uev,Utime,Uatt,Uval are pairwise disjoint.

Time Series. Exogenous data will represented be as numerical discrete
univariate time series, referred to as an exo–series [2]. Exo–series are sequences
of measurements and timestamps, say x ∈ (Uval×Utime)

∗, focusing on measuring
a single concept. To access the value and time of a measurement, xi and time(xi)
is written. Ues = (Uval × Utime)

∗ denotes the set of all possible exo–series. We
call a collection of exo–series measuring the same observation an exo–panel.

Example 1. Consider the following exo–series in Fig. 3 for the number of unpaid
fines (unpaid fines) and the total amount of unpaid fines (amount unpaid), dis-
cussed later in Section 7.1. These exo–series will represent exogenous data that
is continuously observed to reflect the amount of work currently active in the
information system within the running example. The question we investigate
within these examples is: “does the number of unpaid fines influence whether
credit collection occurs within executions? ”

Exogenous Annotated Logs. The source of time series data will come from
applying the xPM framework [2, Sec. 4], where an event log is annotated with
exogenous data through several determinations [2, Sec. 4.1.], creating an exoge-
nous annotated log (xlog). This paper solely focuses on the (L) linked exogenous
data [2, Sec. 4.1.2].
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(a) exo-series for ‘unpaid fines’.
e11 e12

e13

e14 e15

(b) exo-series for ‘amount unpaid’.

Fig. 4: The trace ‘A21188’ from Table 1 annotated with two exo–series. Verticals
denote when events occurred, a dash denotes the first event.

Definition 1 (Exogenous Annotated Logs). An exogenous-annotated log
L = (ρ,Σ) is a tuple, where ρ is the set of exo-panel names and Σ = M(U∗

ev ×
(ρ 7→ Ues)) is a multiset of traces annotated with a mapping of exo-series.

To consider exo–series x or a mapping of exo–series X, relative to a given
timestamp r, referred to as a truncated exo-series, the function trun is introduced.
These truncated exo-series have a relative timestamp denoting the time away
from the truncated timestamp r, e.g.. a relative timestamp of a day, 1d, denotes
that a measurement occurred a day before r. Now, trun is formally denoted as:

trun(X, r) =
⋃

X(p)=x

{p 7→ trun(x, r)}

trun(⟨(v, t)⟩ :x, r) =

{
⟨(v, r − time(t))⟩ : trun(x, r) if time(t) ≤ r

⟨⟩ otherwise

(1)

Example 2. Consider the following visualisation in Fig. 4 of trace ‘A21188’ from
Table 1 annotated with exo–series for ‘unpaid fines’ (uf) and ‘amount unpaid’
(uf) from Example 1. To demonstrate trun, consider applying trun in the context
of e14 (highlighted vertical in Fig. 4) yields:

trun({unpaid fines 7→ uf, amount unpaid 7→ af}, time(e14))

= {unpaid fines 7→ trun(uf, time(e14)), amount unpaid 7→ trun(af, time(e14))}
= {unpaid fines 7→ ⟨1@4917d, . . . , 31188@2d, 31222@1d, 31228@0d⟩,

amount unpaid 7→ ⟨62@4917d, . . . , 2 007 000@2d, 2 008 000@1d, 2 009 000@0d⟩}

Petri Nets. Petri nets are used as the modelling notation to describe mod-
elled processes. Two such extensions, labelled Petri nets (LPN) and stochastic
Petri nets, are considered in this paper.
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Definition 2 (Labelled Petri Nets). A labelled Petri net (LPN) is a tuple (P,
T, F,A, λ,Mo), where P is a set of places, T is a set of transitions s.t. P ∩T = ∅,
F ⊆ ((P ×T )∪ (T ×P )) is a set of directed flows, A is a set of process activities,
λ : T 7→ A ∪ {τ} is a labelling function, and Mo ∈ M(P ) is an initial marking.

The preset of a transition t is denoted as •t = {p | (p, t) ∈ F}, likewise the
postset of a transition is t• = {p | (t, p) ∈ F}. A transition is enabled in a mark-
ing M ∈ M(P ) if a marking includes all places with an outgoing arc to the
transition, i.e. •t ⊆ M . A run of an LPN starts from the initial marking Mo

and fires transition until no transitions are enabled. The firing of a transition
consumes tokens from the preset and generates fresh tokens in the postset of
the transition. The set of enabled transitions from a marking M is denoted as
enbl(M) = {t ∈ T | •t ⊆M}.

Alignments [1]. An alignment γ is a sequence of moves, where a move is
a combination of an event from the log (or a skip ≫) and a transition in the
model (or a skip ≫). However a move in an alignment cannot consist of two
skips ≫, i.e. (≫≫ ). A move ( et ) is a synchronous move; a move ( e

≫ ) is a log
move; and a move (≫t ) is a model move. Also, given a move m, the following
functions, synm, logm,modm, identify the type of move using the previous cases.
Alignments allow for traces to be mapped to to a run of an LPN.

Sojourn Times. Lastly, we need to consider when a model move could have
occurred. To do so, the sojourn times, the waiting time between two fired transi-
tions, are used to inform when model moves could have occurred. In particular,
a histogram of the time between synchronous moves in alignments is computed.
For instance, say γ = ⟨( et ), (≫t′′ ), ( e

′

t′
)⟩ is an alignment, then the sojourn time of

soj(t′) is time(e′)− time(e), and always is towards the transition t′. Formally the
function hist computes all sojourn times, defined as:

Definition 3 (Sojourn times). Let LPN = (P, T, F,A, λ,Mo) be a net, let L
be a log, let Γ be a multiset of alignments between LPN and L and let t ∈ T be a
transition. Then, hist is a function that takes a transition t to yield a multi-set
of sojourn times:

hist(t) =
⋃
γ∈Γ,

1≤i≤Γ (γ)

[
time(e)− time(e′) | ∀

γ′ : ⟨( e
′

t′
)⟩ : γ′′ : ⟨( et )⟩ : γ

′′′=γ
̸ ∃1≤j≤|γ′′|synm(γ′′

j )
]

4 Stochastic Petri Nets with Exogenous Dependencies

This section introduces our formalism stochastic labelled Petri nets with ex-
ogenous dependencies (Exo-SLPN), where weight functions consider exogenous
data. Our modelling formalisation for stochastic process mining builds up exist-
ing stochastic labelled Petri nets from process mining [3,16,23].

Definition 4 (Stochastic Labelled Petri Nets With Exogenous Depen-
dencies). An Exo-SLPN is a tuple (P, T, F,A, λ,Mo, ρ, trans, ω), where (P, T, F,
A, λ,Mo) is an LPN, ρ is a set of exo-panels, trans : (ρ 7→ Ues) 7→ (ρ 7→ (R∪{⊥}))
transforms a mapping of exo-panels and exo-series into a mapping of exo-panels
and numbers or ⊥, and w : (T × (ρ 7→ (R ∪ {⊥}))) 7→ R is a weight function.
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The control-flow semantics of an Exo-SLPN is those of the corresponding
LPN. Additionally, an Exo-SLPN expresses the likelihood of firing an enabled
transition as a ratio of the sum of the weights of all enabled transitions. Formally,
given a marking M and a mapping of exo-series E, the probability of firing an
enabled transition t ∈ enbl(M) is:

prob(M,E, t) =
w(t, trans(E))∑

t′∈enbl(M) w(t
′, trans(E))

(2)

While Exo-SLPNs support any representation for a weight function w, we
consider forms that use three weights for each transition t. That is, a base weight
ϕt and, for each exo-panel p, two influencing parameters, being an adjustment
parameter φt,p when exogenous data is available and an alternate parameter
ψt,p when exogenous data is unavailable. These parameters quantify how the
base weight ϕt of a transition t is influenced by exogenous data through φt,p and
ψt,p. Given a transition t and a mapping of transforms E, this paper considers
several forms for a weight function w:

w(t, E) = ϕt ·
∏

E(p)=e

{
(φt,p)

e if e ̸= ⊥
ψt,p otherwise

with ϕt, φt,p, ψt,p > 0

w(t, E) = ϕt +
∑

E(p)=e

{
e · φt,p if e ̸= ⊥
ψt,p otherwise

with ϕt, φt,p, ψt,p > 0

w(t, E) = ϕt +
∑

E(p)=e

{
e · φ,p if e ̸= ⊥
ψ,p otherwise

with ϕt, φ,p, ψ,p > 0

(3)

(4)

(5)

Eq. (3) expresses exogenous influences could be multiplicative with the base
weight of a transition, where they can have a dramatic impact on the likelihood
of firing. Eq. (4) and Eq. (5) express exogenous influences could be additive with
the base weight of a transition, where they can only have a positive impact on
the likelihood of firing. However, Eq. (5) only introduces one set of parameters
per influence (i.e. exo-panel p : φ,p, ψ,p), rather than individually (φt,p, ψt,p) on
transitions. We explore these options to understand which one may have the
best generalisation.

Similarly, Exo-SLPNs support any transformation function trans, and the
methods in the remainder of this paper do not pose any restrictions on these
functions. But for this paper, a default transformation for numerical time series is
used. This transformation returns a weighted average of z-scores (Eq. (7)), where
measurements further away from the truncation have a smaller influence on the
transformed value. Our intuition is that changes that happened furthest away
from the decision point will have less impact on the firing likelihood. Z-scores
are used to capture the variability and volatility in exogenous data, quantifying
exogenous data for firing likelihoods. However, when there is no variance within
a panel, the transformation maps to zero to identify that zero change can be
observed from this panel. Similarly, when the truncation results in an empty
sequence, the transformation maps to ⊥ to use of the alternate parameter.
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Fig. 5: Exo-SLPN discovered for the road fines log using the normative model.

Definition 5 (Default Numerical Transformation). Let X be a mapping
of panels to truncated exo-series, let p ∈ ρ be an exo-panel, let µ(p) be the mean
of p, let σ(p) be the standard deviation of p, and let X(p) = x be a truncated exo-
series for p. Then, trans′ maps a collection of truncated exo-series into numbers:

trans′(X)(p) =


⊥ if X(p) = ⟨⟩
0 if σ(p) = 0 ∧X(p) ̸= ⟨⟩
z if σ(p) ̸= 0 ∧X(p) = ⟨x1, . . . , xn⟩

where z =

n∑
i=1

1
1+time(xi)

· |xi−µ(p)
σ(p) |

n∑
i=1

1
1+time(xi)

(6)

(7)

Each transformed-truncated-exo-series is referred to as a TTES.

Example 3. Consider the Exo-SLPN shown in Fig. 5 and trace ‘A21188’ anno-
tated with exogenous data from Example 2. The goal is to understand the change
in probability for credit collection based on exogenous data in the duration be-
tween e13 and e14. In order to perform transformation, both the mean (mean)
and standard deviation (std) of the panels are needed. As such, for unpaid fines
these are 20928.975 and 8084.747, for amount unpaid these are 1308182.069 and
479526.257. Therefore, applying trans on the truncated exo-series presented in
Example 2, yields a mapping E between panels and TTESes as follows:

E = trans′({unpaid fines 7→ ⟨1@4917d, . . . , 31188@2d, 31222@1d, 31228@0d⟩,
amount unpaid 7→ ⟨62@4917d, . . . , 2 007 000@2d, 2 008 000@1d, 2 009 000@0d⟩})
= {unpaid fines 7→ 0.864, amount unpaid 7→ 0.919}.

Note that a shorthand is used in the following calculation for panels, ‘#F ’
for ‘unpaid fines’ and ‘$F ’ for ‘amount unpaid’. Then, the probability (using
Eq. (3)) of credit collection (CC) firing when the trace ‘A21188’ executed ‘add
penalty’ (AP) was:
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prob(M,E,CC) =
w(CC, E)∑

t∈enbl(M) w(t, E)

≈
3.4321 ·

{
0.6786E(#F ) if E(#F ) ̸=⊥

0.0005 if E(#F )=⊥
·

{
0.8875E($F ) if E($F )̸=⊥

0.0005 if E($F )=⊥

· · ·+ 0.7401 ·

{
0.0882E(#F ) if E(#F )̸=⊥

59.188 if E(#F )=⊥
·

{
2.4169E($F ) if E($F )̸=⊥

59.188 if E($F )=⊥
+ . . .

≈ 3.4321 · 0.67860.864 · 0.88750.919

3.4321 · 0.67860.864 · 0.88750.919 + 0.7401 · 0.08820.864 · 2.41690.919 + . . .

≈ 0.4635 or 46.35%.

5 Discovery

This section presents how to discover an Exo-SLPN, given an event log and an
LPN, by casting the discovery as an optimisation problem. Thereby allowing the
identification of exogenous influences on processes from historical data. First, we
describe how to reconstruct when choices occurred in the process and extract
diagnostic information about these moments, referred to as choice data. Then, we
present the optimisation problem to discover the weights for Exo-SLPN, whereby
values for parameters are obtained, i.e. a base weight ϕ, many adjustment φ
parameters and many alternative ψ parameters.

5.1 Constructing Choice Data

After alignments have been obtained for traces in an xlog, the next step is to
gather model choices and TTES values for these model choices. That is, for each
transition fired in the model from replaying the xlog, the following is recorded:
(i) the transitions that were enabled, (ii) the TTES values as they were at the
time the transition fired, and (iii) the fired transition. For synchronous moves,
TTES can be obtained using the event as they have a timestamp (Eq. (9)).
For a log move, no transition is recorded so these moves do not introduce any
choice data (Eq. (10)). For model moves, no timestamp is available but could be
estimated (discussed in Section 5.2) using the function fill (Eq. (11)) to obtain
a TTES.

Formally, for a trace, choice data is obtained using Def. 6. Then, choice data
for an xlog is then simply the multiset union of its traces.

Definition 6 (Choice data). Let (σ,#) ∈ Σ be a trace σ annotated with a
mapping of exo–series # from an xlog, let LPN be a net, and let γ be an alignment
between σ and LPN. Then, choice takes a marking and an alignment, returning
a multiset of choice data:

choice(M, ⟨⟩) = [ ]

choice(M, ⟨( et )⟩ : γ′) = [ (enbl(M), trans′(trun(#, time(e))), t) ]

∪ choice(M\ •t ∪ t•, γ′)

(8)
(9)
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choice(M, ⟨( e
≫ )⟩ : γ′) = choice(M,γ′)

choice(M, ⟨(≫t )⟩ : γ′) = [ (enbl(M), fill(#, γ, |γ| − |γ′|), t) ]
∪ choice(M\ •t ∪ t•, γ′)

(10)
(11)

Example 4. Consider the snippet of the road fines log (Table 1) and the align-
ments in Fig. 1, where the abbreviations are used for activities. Then, the recur-
sion of choice is explored for trace ‘A21188’ to demonstrate how choice data is
derived from the diagnostic information stored in the alignment.

choice(Mo, (
e11
CF ) : ⟨. . .⟩) =

[({CF}, {unpaid fines 7→ 0.551, amount unpaid 7→ 0.529},CF)]

∪ choice(M ′, ( e12SF ) : ⟨. . .⟩)
= [({CF}, {. . . },CF)]

∪ [({SF, τ16, }, {unpaid fines 7→ 0.797, amount unpaid 7→ 0.789},SF)]

. . .

= [({CF}, {. . . },CF), ({SF, τ16}, {. . . },SF), ({IFN, τ7}, {. . . }, IFN),

({CC,AP,PYb,AtJ, τ13}, {. . . },AP)]

∪ [({CC,AP,PYb,AtJ, τ13}, {unpaid fines 7→ 1.052,

amount unpaid 7→ 1.174},CC)]

Thus for trace ‘A21188’, five triples of choice data are extracted and are
combined with choice data from the other traces in the snippet as shown in
Table 2.

5.2 Handling Model Moves

To obtain TTES values from model moves, two types of model moves are dis-
tinguished: moves on silent transitions, i.e. λ(t) = τ , and moves on labelled
transitions, i.e. λ(t) ̸= τ . To define the fill function, first synchronous (which
have TTES values) and log moves (which do not have TTES values, as they do
not represent transitions) are considered:

fill(#, γ, i) =


⊥ if i > |γ|
trans′(trun(#, time(e))) if synm(γi)with γi = ( et )

fill(#, γ, i+ 1) if logm(γi)

. . .

(12a)
(12b)
(12c)

Silent Model Moves A silent transition models a change in the state of a
system without directly visible external consequences. As such, they have neither
timestamps nor TTES. Nevertheless, the decision to fire the silent transition and
not a potential competing visible transition depends on the TTES value, and
as such must be assigned a TTES. As the firing of a silent transition has no
corresponding action in the process (i.e. just in the system), this paper posits
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that the moment they happen is the moment the next labelled transition fires:

fill(#, γ, i) =


. . .

fill(#, γ, i+ 1) if modm(γi) ∧ λ(t) = τ with γi = (≫
t )

. . .

(12d)

Labelled Model Moves A labelled transition models the execution of a process
step; a labelled model move indicates that this step was executed, but not logged,
and hence there is no timestamp available to compute the TTES values. Thus,
a TTES is obtained through estimation based on other moves with timestamps
around the model move.

For the sake of explanation, assume an alignment with two synchronous
moves and a model move in between: ⟨. . . ( et ), (≫t′ ), ( e

′′

t′′
) . . .⟩. TTES values de-

pend on when the transition t′ was fired, and in this case it was between e and
e′′. Time wise, this means that the time of e plus the sojourn times of t′ and t′′
is the time of e′′ (time(e)+ soj(t′)+ soj(e′′) = time(e′′)). Neither soj(t′) or soj(t′′)
are known, however a distribution of sojourn times for t′ and t′′ can be observed
using the aligned log. Fig. 6 illustrates this partially: from the moment that ( et )
happens (vertical line on the left), the distribution of sojourn times of t′ (green
bars) can be projected. Furthermore, note that soj(t′) cannot have lasted beyond
( e

′′

t′′
) and that some sojourns times are not appropriate (grayed out bars).
Observe that at each potential timestamp in the green region, the TTES value

would be computed using the exo-measures up till the last observed exo-measure.
Thus, to estimate the TTES value, the number points in the distribution of (≫t′ )
(the green region) that occurred before to each exo-measure is used to compute
a weighted average accordingly:

fill(#, γ, i) =


. . .

{p 7→

{
1

||S||
∑

s∈S E(p)S(s) if ||S|| > 0

⊥ otherwise
| p ∈ #}

if modm(γi) ∧ λ(t) ̸= τ (12e)

with ( et ), (
e′′

t′′
) being the most recent, next sync moves in γ

and sojourns S = [shist(t
′)(s) | s ∈ hist(t′) ∧ s ≤ time(e′′)− time(e) ∧ E(p) ̸= ⊥]

and transforms of E = trans′(trun(#, time(e) + s))

The edge cases in which no synchronous move precedes or succeeds a model
move are handled similarly. Notably two factors are explicitly left out: (i) the
distribution over sojourn times of t′′ is not leveraged, and (ii) that there may be
multiple model moves in between two synchronous moves.

5.3 Solving Equalities

This section outlines how to estimate base weights ϕ, adjustments φ, and al-
ternatives ψ parameters to discover an Exo-SLPN, by casting the problem of
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Fig. 6: Illustration of where a model move may have occurred (in green).

estimating these parameters as an linear optimisation problem. To do so, equal-
ities are constructed from the obtained choice data. For each observed choice,
the observations in the log are equated with the probability of that choice in the
model (expressed in the weight parameters). A standard solver is then applied to
minimise the disagreement between the sides of these equations. We considered
two solution strategies, one where all the equations are solved in one-shot, and a
two-shot approach where base variables are minimised first, then the adjustment
and alternative parameters are minimised, both using the following equations.

Recall that the choice data C consists of triples of enabled transitions, the
observed TTES values and which transitions fired. For each pair of enabled tran-
sitions (T ) and TTES values (E) in Eq. (13), an equated fraction is introduced
for every observed transition o ∈ T through Eq. (14). The equated fraction in
Eq. (15) states that the relative occurrence of the transition o should match the
probability in the model, given the weight parameters denoted in Eq. (16):

∀(T,E)∈{(T,E)|(T,E,t)∈C}

∀o∈{o|(T,E,o)∈C}

||[(T,E, o) ∈ C]||
||[(T,E, t′) ∈ C]||

=

ϕo
∏

E(p)=e

{
φe
o,p if e ̸= ⊥

ψo,p otherwise∑
t′∈T

ϕt′
∏

E(p)=e

{
φe
t′,p if e ̸= ⊥

ψt′,p otherwise

(13)
(14)

(15)

(16)

If all enabled transitions have been observed at least once when constructing
equalities, then one of the equations (an observed transition o from Eq. (14)) for
every (T,E) (from Eq. (13)) can be removed without loss of information.

Example 5. For instance, the equalities corresponding to our running example
are shown in Table 2. By passing these equalities to a solver, the parameters
ϕ, φ, ψ for each transition are assigned a value which minimally reduces the
difference between these equalities.
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Table 2: The constructed equalities for Example 5. Panel names have been ab-
breviated. Red equalities are not necessary for the solver.

enabled (T ) TTESes (E) fired (t) equality

{CF} {. . . } [CF] 1
1
=

ϕCF·φ0.282
CF,#F·φ0.357

CF,$F
ϕCF·φ0.282

CF,#F·φ0.357
CF,$F

{CF} {. . . } [CF] 1
1
=

ϕCF·φ0.530
CF,#F·φ0.552

CF,$F
ϕCF·φ0.530

CF,#F·φ0.552
CF,$F

{CF} {. . . } [CF] 1
1
=

ϕCF·φ0.633
CF,#F·φ0.598

CF,$F
ϕCF·φ0.633

CF,#F·φ0.598
CF,$F

. . .

{PYa,SF, τ16} {. . . } [PYa] 1
1
=

ϕPYa·φ0.803
PYa,#F·φ0.803

PYa,$F
ϕPYa·φ0.803

PYa,#F·φ0.803
PYa,$F+ ...

{PYa,SF, τ16} {. . . } [τ16]
1
1
=

ϕτ16
·ψτ16,#F·ψτ16,$F

ϕτ16
·ψτ16,#F·ψτ16,$F+ ...

{PYa,SF, τ16} {. . . } [SF] 1
1
=

ϕSF·φ0.439
SF,#F·φ0.380

SF,$F
ϕSF·φ0.439

SF,#F·φ0.380
SF,$F+ ...

{PYa,SF, τ16} {. . . } [SF] 1
1
=

ϕSF·φ0.789
SF,#F·φ0.798

SF,$F
ϕSF·φ0.789

SF,#F·φ0.798
SF,$F+ ...

{CC,PYb, IAP, τ13,AP,AtJ} {. . . } [AP, IAP] 1
2
=

ϕAP·φ0.310
AP,#F·φ0.313

AP,$F
ϕAP·φ0.310

AP,#F·φ0.313
AP,$F+ ...

1
2
=

ϕIAP·φ0.310
IAP,#F·φ0.313

IAP,$F
ϕIAP·φ0.310

IAP,#F·φ0.313
IAP,$F+ ...

{CC,PYb, IAP, τ13,AP,AtJ} {. . . } [AP] 1
1
=

ϕAP·φ0.919
AP,#F·φ0.865

AP,$F
ϕAP·φ0.919

AP,#F·φ0.865
AP,$F+ ...

6 Conformance Checking

This section outlines how we perform conformance checking on an Exo-SLPN,
where the data-aware unit Earth mover’s distance [23] (duEMSC) is adapted for
our purposes. Data-aware unit Earth movers extends the unit Earth-movers [18]
by adding the data perspective as an additional dimension when comparing and
calculating probability distributions. The measurement of data-aware unit Earth
movers is expressed as follows [23]:

duEMSC(L,M) = 1−
∑

D∈L∆

∑
A∈LΣ

max(pL(A ∧D)− (pM (A|D) · pL(D)), 0)

Where L,M denote an event log and a model, and L∆, LΣ are distributions
of data sequences and activity sequences observed in the log. In order to apply
duEMSC to a given log L and Exo-SLPN M , we need to define data distribution
L∆ and the joint probabilities pL, pM for a given activity and data sequence, but
more so in our case a sequence of TTES mappings. The first step is to consider
our representation of xlog (Def. 1) as a multiset of pairs for activities and data,
stepwise walking traces and generating TTESes for each step.

L = (ρ,Σ) =
⋃

(σ,E)∈Σ

Σ((σ,E))⋃
k=1

[(
σ,

⋃
1≤i≤|σ|

⟨trans′(trun(E, time(σi)))⟩
)]

(17)

Where Σ is a multiset of traces annotated with a mapping of exo–series E
(Def. 1). Using this form the distributions for sequences over activities A and
TTES E are straightforwardly derived from the multiset representation. Noting
that TTES mappings E are continuous, requiring discretisation using a preci-
sion reduction factor. Now the probabilities from the log L, given a sequence of
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activities A and a sequence of TTES mappings E can be expressed as:

pL(A ∧ E) = L((A, E))
|L|

pL(E) =
|[EL((A,E)) | (A, E) ∈ L]|

|L|
(18)

The last step to consider is the probabilities for all paths T through the
Exo-SLPN M that induce the activity sequence A under the assumption of the
sequence of mapped TTESes E . Note that the sequence E must be as long as
a path t ∈ T , as such padding is applied to ensure that silent transitions use
the next following mapping if available, or the last preceding mapping. Now, the
model probability for a given activity sequence A under the assumption of E , is
the sum probability of all paths T that induce A, expressed as:

pM (A|E) =
∑

⟨t1,...,tn⟩∈T

n∏
i=1

w(ti, Ei)∑
t′∈enbl(Mi)

w(t′, Ei)
(19)

Where Mi is the deterministic marking before firing a transition, e.g. M1 =Mo

and Mo
t1→M ′ → . . .

ti−1→ Mi. Now, duEMSC can be denoted using our definition
of an xlog L and Exo-SLPN M , expressed as:

duEMSC(L,M) = 1−
∑

E∈L∆

∑
A∈LΣ

max(pL(A ∧ E)− (pM (A|E) · pL(E)), 0) (20)

7 Evaluation

This section compares our Exo-SLPN approach against several existing tech-
niques across several publicly available event logs. The proposed technique has
been implemented within the ProM framework4, and evaluation data has been
made publicly available to the best of our ability and inline with ethics5.

7.1 Event logs and Exogenous Data

This evaluation uses three event logs, from different domains, paired with ex-
ogenous data. The first event log comes from the MIMIC III dataset [12] which
contains ‘MICU’ ward admissions focusing on the first 48 hours of admission and
follows the preparation outlined in [2]. For this log, blood pressure measurements
collected from nurse observations are used for exogenous data. These measure-
ments were selected as they may inform what medical interventions should or
should not occur with an admission.

The second log comes from a smart factory [21], where only the ‘WF_101’
process is considered and the start events within these executions (as these are
associated IoT sensors). This log was paired with IoT sensors used in the factory
as exogenous data, where the positioning of a crane and the motor speed of the
4 Found in the ExogenousData Package: github.com/promworkbench/ExogenousData.
5 Evaluation data can be found in: github.com/adambanham/exo-slpn-testing

https://github.com/promworkbench/ExogenousData
https://github.com/adambanham/exo-slpn-testing
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Table 3: Descriptive qualities of event logs used in our evaluation.
log #traces #events #acts exo-data µ σ #datapoints

MIMIC [12] 4482 28524 13 blood pressure 8 106 976367

S.Factory [21] 34 418 12 crane jib x 139 128 13038
crane jib y 43 46 13038

motorspeed -21 274 1602128

R. Fines [7] 150370 561470 11 unpaid fines 20928 8084 4829
amount unpaid 1308182 479526 4898

crane are used. These sensors were selected as their readings may influence when
human intervention occurs or trigger further actions.

The third log used is the road fines event log [7]. For this log, inter-case
variables from the log were used as exogenous data, i.e. the total number of un-
paid fines and the amount of unpaid fines seen in the event log. These inter-case
time series were created using data points from all events, and then aggregated
into daily observations. These variables are used to understand and answer our
running example’s question Example 1. All three logs are described in terms
of control flow, size and exogenous data in Table 3. Our testing was performed
using an AMD Ryzen 9 3900XT with 64GB ram, but we saw excessive amounts
of system RAM being required (upwards of 256GB) to compute conformance
checking, as such both the MIMIC III and road fines log were sampled6.

7.2 Log Completeness

To show that our approach can identify the stochastic nature of a process, we
considered how the model quality changes as we apply our approach to pro-
gressively more complete samples of a given log. The intuition being that with a
more complete understanding of the original log, the discovered stochastic nature
should better reflect the original or at least not degrade. We created 25 sample
logs of the road fines log, where the n-th sample consists of 1000 · n traces, and
each progressive larger sample contains all samples from previous sample, i.e.
given samples si, si+1, si+j then si ⊂ si+1 and (si ∪ si+1) ⊂ si+j where i ≥ 1
and j > 1. Note that our approach considers the temporal nature of each trace,
so traces with the same control-flow will have a minor temporal difference and
these introduce/expand the choice data used for discovery (Section 5.1). Further-
more, as the sample gets larger, the number of sojourns considered for model
moves (Section 5.2) will be increased and will affect the runtime of discovery.

For each sample, we discovered an Exo-SLPN (recording runtime and mem-
ory usage) and then using the complete log, we compute duEMSC to quantify
the quality of the discovered Exo-SLPN. We sampled the road fines log down to
a total of 25,000 traces and used this reduced log as the ‘complete log’ for testing
to avoid excessive system requirements. For a control-flow model the normative
model (Fig. 1) was used. Then, our testing was conducted several times for both

6 See github.com/adambanham/exo-slpn-testing.

https://github.com/adambanham/exo-slpn-testing
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(a) Sampling results when using Eq. (3).

(b) Sampling results when using Eq. (4).

(c) Sampling results when using Eq. (5)

Fig. 7: Results from sampling testing using the road-fines log. The line of best
fit and 95% confidence levels are shown to evaluate the trends across runs.

one-shot and two-shot optimisation (Section 5.3). The results of the sampling
testing across the alternative weight functions are shown in Fig. 7.

The testing on the multiplicative form (Eq. (3)) in Fig. 7a shows that the
equation may overly focus on the exogenous influences and struggle to find
the balance between endogenous and exogenous factors. As demonstrated by
duEMSC measurements being on average below 0.01 across the sampling with
some minor spikes. This struggle may be due to the exogenous influence being
modelled as a power of ψ, but interestingly higher quality models were produced
by the two-shot approach. Next, the testing for the additive form (Eq. (4)) in
Fig. 7b shows that the equation has a higher baseline than Eq. (3) when captur-
ing the stochastic nature, likely due to the exogenous influence being less pro-
nounced. However, Eq. (3) produced a higher quality model than Eq. (4) highest,
albeit rather inconsistently, but a large amount of variance can be seen for both
equations. The opposite trend occurs for the global additive form (Eq. (5)),
which reports no variance at all and a constant reading of 0.119 regardless of
sample size. We posit that using Eq. (5) means that exogenous influences are
treated as constants and cancel each other out when competition occurs between
transitions, which in turn removes all difficulty for optimisation.

Interestingly, the pairwise comparison of two-shot and one-shot optimisation,
showed that two-shot has the potential to produce higher quality models, but
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the one-shot approach was more consistently better in Fig. 7a and Fig. 7b. Un-
surprisingly, the discovery time is linear with the size of the log due to the nature
of sojourn calculations, and memory usage was similar between all approaches.
Furthermore, the additional runtime needed to perform the two-shot optimisa-
tion approach is minor in comparison to the possible quality increase, as such
we adopted the two-shot optimisation in the following evaluation.

7.3 Model Quality

To compare our approach against existing ones, we discovered a variety of
stochastic extensions of Petri nets and considered how close these nets represent
the stochastic nature of a log. As existing techniques and the proposed approach
require a control-flow model to discover a stochastic Petri net, the following dis-
covery techniques were used: the inductive miner [14] (IMf), the directly flows
miner [17] (DFM), and the POWL miner [13] (IMpo) using the default settings.
Additionally the normative model [22, Sec 12.1.3] for the road fines log was in-
cluded, which contains repeated activities which inductive miners cannot find.
These techniques were selected as they discover process trees which ensure that
the converted Petri net is sound and alignments can be computed. To quantify
the quality of a stochastic Petri net, the unit earth movers distance [18] or the
data-aware variant [23] were used (see Section 6). For these measures, a mea-
surement closer to 1.0 reports that the model perfectly describes the stochastic
nature of the log. Note that directly comparing between control flow and data
aware stochastic conformance measures is discouraged.

The procedure for discovering and quantifying a model consisted of: (i) dis-
covering a control-flow model with the original log, (ii) sampling the original
log with replacement, (iii) discovering stochastic weights using the sampled log
and control-flow model, and (iv) measure the discovered stochastic model using
the original log. The same sampled log is used across techniques. As noted in
Section 7.2, the variability of outcomes produced from our approach is high, as
such we evaluated them five times and reported on the highest quality outcome.

Results. Table 4 shows the testing results for existing and proposed ap-
proaches (far-right columns). Neither control-flow techniques reported 1.0 for any
of the used logs, highlighting the need to consider factors outside the control-flow
of processes. However, Sign. Deps. [16] was unable to discover a model within 24
hours for the mimic log as it was solving over 50,000 parameters. Surprisingly,
neither Alig. Est. [4] or Sign. Deps. reported to capture more than 50% of the
stochastic nature of the road fines log using the normative model. All techniques
favoured using a more literal and less structured model, i.e. DFM, for the road
fines log. Notably, all measurements for the IMf model and the S. Factory log
reported 0.000 due to the model being unable to replay traces.

Moving to the data-aware setting, across the mimic and factory log, our
approach outperforms the existing Data Deps. [23] technique in four out of
five cases. Showing that Exo-SLPNs can be competitive with other stochas-
tic nets in unstructured processes. However, Data Deps. outperformed in the
more structured case, i.e., the road fines log where there is a clear connection
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Table 4: Conformance for discovered models with our method highlighted. High-
est control-flow scores are bolded. Highest data-aware scores are underlined.

Disc. Alig. Est.[4] Sign. Deps.[16] Data Deps.[23] Eq. (3) Eq. (4) Eq. (5)

Unit Earth Movers [18] Data-Aware Unit Earth Movers [23]

MIMIC IMf 0.0546 t/o 0.0020 0.0012 0.0001 0.0001
IMpo 0.0031 t/o 0.0006 0.0187 0.0012 0.0000
DFM 0.1713 t/o 0.0064 0.0147 0.0063 0.0067

S. Factory IMf 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
IMpo 0.1205 0.0000 0.0001 0.1176 0.1149 0.0592
DFM 0.1282 0.1258 0.0006 0.1176 0.1150 0.0295

R. Fines normative 0.2573 0.2933 0.1479 0.0253 0.0540 0.1179
IMf 0.1003 0.3865 0.1654 0.0701 0.0760 0.0413
IMpo 0.2201 0.3955 0.3326 0.0437 0.0101 0.0100
DFM 0.8178 0.8178 0.5100 0.4266 0.3779 0.2148

between event attributes and outcomes. Comparing the different weight func-
tions, Eq. (3) produced the highest quality model in seven out of nine cases.
These results may indicate that the multiplicative form has a greater capacity
to capture the stochastic natures of processes, albeit with greater complexity for
optimisation.

8 Conclusion

Understanding how likely are individual actions in processes allows businesses to
be flexible and adapt to contextual changes. Thus, techniques providing insights
into these likelihoods and how systems have acted in the past are important.
As without these insights, ad-hoc changes to make actions more likely may be
unsuccessful or harmful to the performance of the process. To this end, we ex-
plored how the temporal dimension and contextual factors (i.e. exogenous data)
surrounding executions of processes can be included within the analysis of firing
likelihoods for actions. Extending the state-of-art techniques and evaluating our
approach to understand their capacity to capture firing likelihoods.

The contribution of this paper was a novel means to study whether exogenous
data influences the behaviour of processes. A new process modelling formalism
Exo-SLPN was introduced to enable the quantification of firing likelihoods based
on exogenous data. Then, a discovery technique was developed for Exo-SLPNs,
which caters for imperfect alignments between the traces and the control-flow
model. Lastly, our evaluation of Exo-SLPNs showed our approach could outper-
form state-of-art techniques in less structured processes.

In future work, we hope to explore how to visualise complex parameterised
stochastic Petri nets within the context of a given event log. Exploring alter-
natives weight forms (Eq. (3)) and transformations (Def. 5) could advance the
expressiveness of Exo-SLPN and allow non-numerical signals to be investigated.
Also, considering more scalable and faster computations for conformance check-
ing of data-aware stochastic Petri nets would benefit future research.
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